A Lie group G endowed with a left invariant Riemannian metric g is called Riemannian Lie group. Harmonic and biharmonic maps between Riemannian manifolds is an important area of investigation. In this paper, we study different aspects of harmonic and biharmonic homomorphisms between Riemannian Lie groups. We show that this class of biharmonic maps can be used at the first level to build examples but, as we will see through this paper, its study will lead to some interesting mathematical problems in the theory of Riemannian Lie groups.
Introduction
Let φ : (M, g) −→ (N, h) be a smooth map between two Riemannian manifolds with m = dim M and n = dim N. We denote by ∇ M and ∇ N the Levi-Civita connexions associated respectively to g and h and by T φ N the vector bundle over M pull-back of T N by φ. It is an Euclidean vector bundle and the tangent map of φ is a bundle homomorphism dφ : T M −→ T φ N. Moreover, T φ N carries a connexion ∇ φ pull-back of ∇ N by φ and there is a connexion on the vector bundle End(T M, T φ N) given by
The map φ is called harmonic if it is a critical point of the energy E(φ) = 1 2 M |dφ| 2 ν g . The corresponding EulerLagrange equation for the energy is given by the vanishing of the tension field
where
is a local frame of orthonormal vector fields. Note that τ(φ) ∈ Γ(T φ N). The map φ is called biharmonic if it is a critical point of the bienergy of φ defined by E 2 (φ) = . , . τ(φ) − tr g R N (τ(φ), dφ( . ))dφ(
where (E i ) The theory of biharmonic maps is old and rich and has gained a growing interest in the last decade see [3, 17] and others. The theory of biharmonic maps into Lie groups, symmetric spaces or homogeneous spaces has been extensively studied related to the integrable systems by many mathematicians (see for examples [6, 19, 20] ). In particular, harmonic maps of Riemann surfaces into compact Lie groups equipped with a bi-invariant Riemannian metric are called principal chiral models and intensively studied as toy models of gauge theory in mathematical physics [21] . Curiously, there is no detailed study of harmonic or biharmonic homomorphisms between Riemannian Lie groups. 1 To our knowledge, the only works on this topic are [15, 12] where the authors studied harmonic inner automorphisms of a compact semi-simple Lie group endowed with a left invariant Riemannian metric. In this paper, we investigate biharmonic homomorphisms between Riemannian Lie groups. At first sight, this class can be mainly used to build examples but, as we will see through this paper, its study gives rise to some interesting mathematical problems in the theory of Riemannian Lie groups. This class can be enlarged non trivially without extra work as follows. Let φ : G −→ H be a biharmonic homomorphism between two Riemannian Lie groups, Γ 1 and Γ 2 are two discrete subgroups of G and H, respectively, with φ(Γ 1 ) ⊂ Γ 2 . Then Γ 1 /G and Γ 2 /H carry two Riemannian metrics and π • φ : G −→ Γ 2 /H factor to a smooth map φ : Γ 1 /G −→ Γ 2 /H which is biharmonic (harmonic if φ is harmonic). The paper is organized as follows. In Section 2, we characterize at the level of Lie algebras harmonic and biharmonic homomorphisms between Riemannian Lie groups and we give some of their general properties. In Section 3, we study harmonic automorphisms of a Riemannian Lie group. We show that a left invariant Riemannian metric on a Lie group satisfies the property that any inner automorphism is harmonic iff it is bi-invariant. We introduce the notion of harmonic cone associated to a left invariant Riemannian metric and we show that it is a Riemannian invariant of the metric in some sense. In Sections 4 and 5, we give a precise description of harmonic and biharmonic submersions between Riemannian Lie groups. In Section 6, we give many situations where harmonicity and biharmonicity of a homomorphism between two Riemannian Lie groups are equivalent. Some situations are particular cases of known results but many are new and specific to our context. In Section 7, based on the results of 4 and 5, we give some general methods to build large classes of harmonic or biharmonic homomorphisms between Riemannian Lie groups.
Notations and conventions. Trough this paper all considered Lie groups are supposed to be connected. A Lie group G endowed with a left invariant Riemannian metric g is called Riemannian Lie group. Its Lie algebra g = T e G endowed with the scalar product g(e) is called Euclidean Lie algebra. For any u ∈ g, we denote by ad u : g −→ g the linear map given by ad u v = [u, v] . The group G is unimodular iff, for any u ∈ g, tr(ad u ) = 0. A Riemannian metric g on G is bi-invariant if it is left an right invariant. This is equivalent to ad u is skew-symmetric with respect g(e) for any u ∈ g. For any a ∈ G, L a and R a denote, respectively, the left multiplication and the right multiplication by a and i a = L a •R a −1 is the inner automorphism associated to a. We denote by Ad a the differential of i a at e. Through this paper maps between Lie groups are homomorphisms. In particular, a submersion (resp. Riemannian submersion) between Riemannian Lie groups is an homomorphism of Lie groups which is a submersion (resp. Riemannian submersion). Finally, if F : (V, , 1 ) −→ (W, , 2 ) is a linear map between two Euclidean vector space, we denote by F * : W −→ V the adjoint given by the relation F(w), v 1 = w, F(v) 2 .
Biharmonic homomorphisms between Riemannian Lie groups: general properties and first examples
Let (G, g) be a Riemannian Lie group. If g = T e G is its Lie algebra and , g = g(e) then there exists a unique bilinear map A : g × g −→ g called the Levi-Civita product associated to (g, , g ) given by the formula:
A is entirely determined by the following properties:
If we denote by u ℓ the left invariant vector field on G associated to u ∈ g then the Levi-Civita connection associated
One can deduce easily from (3) that, for any orthonormal basis (e i ) n i=1 of g,
A e i e i .
Note that g is unimodular iff U g = 0. We denote by Isin(g) the subgroup of G consisting of a ∈ G such that i a is an isometry. We have Isin(g) = a ∈ G, Ad * a • Ad a = id g . Thus Isin(g) is a closed subgroup containing the center Z(G).We denote by Kill(g) its Lie algebra given by
Remark that Kill(g) can be identified with the Lie algebra of left invariant Killing vector fields of g and if G is nilpotent then Isin(g) = Z(G).
Let φ : (G, g) −→ (H, h) be a Lie group homomorphism between two Riemannian Lie groups. The differential ξ : g −→ h of φ at e is a Lie algebra homomorphism. There is a left action of G on Γ(
ℓ (φ(a)). Thus the space of left invariant sections is isomorphic to the Lie algebra h. Since φ is a homomorphism of Lie groups and g and h are left invariant, one can see easily that τ(φ) and τ 2 (φ) are left invariant and hence φ is harmonic (resp. biharmonic) iff τ(φ)(e) = 0 (resp. τ 2 (φ)(e) = 0). Now, one can see easily that
where B is the Levi-Civita product associated to (h, , h ),
is an orthonormal basis of g and K H is the curvature of B given by [u,v] . So we get the following proposition.
It is a well known result that a Riemannian immersion is harmonic iff it is minimal (see [9] ). We recover this fact in our context in an easy way. Let (g, , g ) be an Euclidean Lie algebra and g 0 a subalgebra of g. If A is the Levi-Civita product of (g, , g ), then for any u, v ∈ g 0 ,
where A 0 is the Levi-Civita product of (g 0 , , g 0 ) ( , g 0 is the restriction of , g to g 0 ) and h : g 0 × g 0 −→ g ⊥ 0 is bilinear symmetric. It is called the second fundamental form and its trace with respect to , g is the vector
given by
where (e i ) is an orthonormal basis of g 0 . This vector is called the mean curvature vector of the inclusion of g 0 in (g, , g ). So we get the following proposition. 
be an orthonormal basis of g. For any u ∈ h, we have
which gives the first relation. From this relation, one can deduce that if ad * u = −ad u then U ξ , u h = 0 and hence
We have
So we get the second relation.
As an immediate consequence of this proposition we get the following result.
Proposition 2.5. Let φ : G −→ H be an homomorphism between two Riemannian Lie groups. Then: (i) If the metric on G is bi-invariant and φ is a submersion then φ is harmonic. (ii) If the metric on H is bi-invariant then φ is biharmonic, it is harmonic when g is unimodular.
Proof.
(i) Since ξ is an homomorphism of Lie algebras, for any u ∈ g, ξ • ad u = ad ξ(u) • ξ and hence
since ad u is skew-symmetric and ξ * • ξ is symmetric. Thus U ξ = 0. Now we have also U g = 0 and hence τ(ξ) = 0.
(ii) If the metric on H is bi-invariant then Kill(h) = h and hence, according to Proposition 2.4, U ξ = 0. By using the expression of τ 2 (ξ) given in Proposition 2.4, one can see easily that τ 2 (ξ) = 0.
Example 1. There is an interesting situation where we can apply Proposition 2.5. Let H be a compact connected semisimple Lie group and π : G −→ H a covering homomorphism of H by a Lie group G. Then G is compact and hence unimodular. Then, for any left invariant Riemannian g on G and any bi-invariant Riemannian metric h
0 on H, π : (G, g) −→ (H, h 0 ) is harmonic. Moreover,
for any left invariant Riemannian metric h on H and any bi-invariant Riemannian metric g
The following two propositions can be used to build examples of minimal Riemannian immersions.
Proposition 2.6. Let φ : G −→ H be an homomorphism between two Riemannian Lie groups. Suppose that φ is a Riemannian immersion, both g and h are unimodular and dim H
Proof. Choose an orthonormal basis (e 1 , . . . , e n ) of g and complete by f to get an orthonormal basis (ξ(e 1 ), . . . , ξ(e n ), f ) of h. On the other hand, we have τ(ξ) = H ξ(g) = α f . We have, by using (5),
Proposition 2.7. Let φ : G −→ H be an homomorphism between two Riemannian Lie groups. Suppose that φ is a Riemannian immersion, [g, g] = g, any derivation of g is inner and ξ(g) is an ideal of h. Then φ is harmonic.
Proof. Choose an orthonormal basis (e i ) n i=1 of g. By using Proposition 2.4, we get for any u ∈ ξ(g) ⊥ ,
where ad u is the restriction of ad u to ξ(g). Now ξ(g) being an ideal, ad u is a derivation of ξ(g) an hence from the hypothesis it is inner and tr( ad u ) = 0. Finally, H ξ(g) = 0 which proves the proposition. 
for any left invariant Riemannian metric on G, the inclusion H −→ G is a minimal Riemannian immersion. Moreover, according to Malcev's Theorem (see [16]) G has uniform lattices, i.e., there exists a discrete subgroup Γ of G such that Γ/G is compact. Thus we get a minimal immersion into a compact nimanifold H −→ Γ/G.
Recall that a Kählerian Lie group is a Lie group G endowed with a left invariant Kähler structure. This is equivalent to the existence on g of a complex structure J : g −→ g and an Euclidean product , such that, for any u, v ∈ g,
where A is the Levi-Civita associated to (g, , ). An homomorphism φ : (G, g, J) −→ (H, h, K) between two Kählerian Lie groups is holomorphic iff, for any u ∈ g, ξ(Ju) = Kξ(u). The following result is a particular case of a general well-known result (see [11] ).
Proposition 2.8. Let φ : (G, g, J) −→ (H, h, K) be an homomorphism between two Kählerian Lie groups. If φ is holomorphic then φ is harmonic.
Proof. There exists an orthonormal basis of g having the form (e i , Je i )
We end this section by clarifying the situation in dimension 2. We denote by E(1) the 2-dimensional Lie group of rigid motions of the real line and by g 2 its Lie algebra. Proposition 2.9. Let g 1 , g 2 be two left invariant Riemannian metrics on E (1) . Then the following holds:
(ii) Any homomorphism χ : (E(1), g 1 ) −→ R is biharmonic never harmonic unless it is constant.
) is a non constant homomorphism which is harmonic then there exists a constant
is an homomorphism which is biharmonic non harmonic then there exists a Riemannian immersion i : R −→ (E(1), g 2 ) and a biharmonic homomorphism χ : (E(1),
Proof. Note first that g 2 is not unimodular. Put , i = g i (Id R ) for i = 1, 2.
(i) Denote by A the Levi-Civita product associated to (g 2 , , 1 ). To show the assertion it suffices to show that for any u ∈ g 2 \ {0}, 
(iii) Suppose that φ is harmonic and denote by ξ : g 2 −→ g 2 the differential of φ. Then there exists an , 1 -orthonormal basis (e, f ) such that [e, f ] = ae. Denote by A and B the Levi-Civita product associated respectively to g 1 and g 2 . One can see easily that U g 1 = −a f . The harmonicity of φ is equivalent to
Since e is a generator of [g 2 , g 2 ] and ξ is a Lie algebra homomorphism then ξ(e) = αe. Put ξ( f ) = pe + q f . Since ξ is a Lie algebra homomorphism then
= 0, and hence ξ( f ) = 0. If α 0 then q = 1 and from (h) we get
and 
if R is the curvature of (g 2 , , 2 ) then
Now φ is biharmonic iff
Put ξ(e) = αe and ξ( f ) = pe + q f ′ . We have
Moreover,
So if τ(ξ) 0 then α = p = 0 and hence ξ(e) = 0 and ξ( f ) = q f ′ . If we define i 0 : R −→ g 2 and ξ 0 : g 2 −→ R by i 0 (1) = q f ′ , ξ 0 (e) = 0 and ξ 0 ( f ) = 1 then ξ = i 0 • ξ 0 and we can integrate i 0 and ξ 0 to get the desired homomorphisms.
Harmonic automorphisms of a Riemannian Lie group
We denote by M ℓ (G) the set of all left invariant Riemannian metrics on a Lie group G and fix g ∈ M ℓ (G). Recall that Isin(g) denotes the subgroup of G consisting of a ∈ G such that i a = L a • R a −1 is an isometry, Kill(g) = {u ∈ g, ad u + ad * u = 0} its Lie algebra. We denote by H(g) the set consisting of a ∈ G such that i a is harmonic. We have
Theorem 3.1. If G is unimodular then Isin(g) is open in H(g), i.e., there exists an open set U ⊂ G such that U ∩H(g) = Isin(g).
Proof. Since G is unimodular, according to the first relation in Proposition 2.4, a ∈ H(g) iff
If a ∈ Isin(g) then Ad * a = Ad a −1 and hence
In particular, we get tr((ad * u + ad u ) • ad u ) = 0. By using the properties of the trace we get also tr((ad * u + ad u ) • ad * u ) = 0 and hence ad * u + ad u = 0. Thus ker d a α = T e R a (Kill(g)). Now, it is easy to see that α factor to give a smooth map α : G/Isin(g) −→ g * and from what above, we get that α is an immersion at π(e) and hence there exists an open set U ⊂ G/Isin(g) containing π(e) such that the restriction of α to U is injective. Thus U = π −1 ( U) satisfies the conclusion of the theorem.
Since both Isin(g) and H(g) are closed in G, we get the following corollary.
Corollary 3.1. If G is unimodular then for any a ∈ Isin(g) the connected component of Isin(g) containing a coincides with the connected component of H(g) containing a.
In [15] , Park showed that if for a left invariant Riemannian metric g on SU(2) any inner automorphism is harmonic then g is actually bi-invariant. The following theorem generalizes this result to any connected Lie group.
Theorem 3.2. Let (G, g) be a connected Riemannian Lie group such that H(g) = G. Then g is bi-invariant.
Proof. The hypothesis of the theorem is equivalent to:
According to the first relation in Proposition 2.4 this is equivalent to
. By taking a = exp(tv) and differentiating this relation, we get
which is equivalent to ad U g + ad * U g = 0 and hence U g , U g g = tr(ad U g ) = 0. Thus g is unimodular and we can apply Theorem 3.1 to conclude.
Theorem 3.3. If G is abelian or 2-step nilpotent then H(g) = Isin(g) = Z(G).
Proof. The theorem is obvious when G is abelian. Suppose now that G is 2-step nilpotent. Then exp :
By taking v = u, we get ad u = 0 which achieves the proof.
Example 2.
In [15] , Park determined harmonic inner automorphisms of (SU(2), g) for every left invariant Riemannian metric g. In this example, we consider G = SL(2, R) and g = sl(2, R) and we give the equations determining harmonic inner automorphisms for a particular class of left invariant Riemannian metrics. Put
We consider the Euclidean product on g for which (h, e, f ) is orthogonal and h, h = α 1 , e, e = α 2 and f, f = α 3 and we denote by g the associated left invariant metric on G. Put
We consider now the following problem. Given a Riemannian Lie group (G, g) one can aim to determine all the couples (φ, h) where φ is an automorphism of G and h ∈ M ℓ (G) such that φ :
is harmonic, the solution of the problem is equivalent to the determination of the group Aut(G) and the set CH(g) of the left invariant Riemannian metric h on G such that Id G : (G, g) −→ (G, h) is harmonic.
Proposition 3.1. Let (G, g) be a Riemannian Lie group. Then h ∈ CH(g) iff, for any u
∈ g, tr(J • ad u ) = tr(ad Ju ),(11)
where J is given by h(u, v) = g(Ju, v). In particular, CH(g) is a convex cone which contains g.
Proof. Denote , 1 = g(e), , 2 = h(e), A the Levi-Civita product of (g, , 1 ) and B the Levi-Civita product of (g, , 2 ). We have, for any u ∈ g, and for any orthonormal basis (e i )
A e i e i , Ju 1 = tr(J • ad u ) − tr(ad Ju ).
Definition 3.1. We call CH(g) the harmonic cone of g and dim CH(g) the harmonic dimension of g, where dim CH(g) is the dimension of the subspace generated by CH(g).
This is an invariant of g in the following sense. 
Thus the harmonic dimension of any left invariant Riemannian metric on H 3 is equal to 4.

Let G = SO(3, R) and g = so(3) its Lie algebra. Fix g a left invariant Riemannian metric on G and denote by , = g(e). Denote also by , 0 the bi-invariant Euclidean product given
A, B 0 = −tr(AB).
There exists an , 0 -orthonormal basis of (X 1 , X 2 , X 3 ) of g such that J 0 X i = α i X i with i = 1, 2, 3 and α i > 0. Since , 0 is bi-invariant it is easy to see that there exists a constant c such that
Denote by M the matrix of , 1 in this basis. By identifying an endomorphism with its matrix in (X 1 , X 2 , X 3 ), we have
The condition that J is symmetric with respect to , 1 is equivalent to MJ = JM which is equivalent to
If the
α i are distinct then dim CH(g) = 3. If α i = α j α k then dim CH(g) = 5. If α 1 = α 2 = α 3 then g is bi-invariant and dim CH(g) = 6.
Remark 3. On all the examples above, we have the following formula
where n is the dimension of the Lie group G. We conjecture that this formula holds in general.
Biharmonic submersions between Riemannian Lie groups
Let φ : (G, g) −→ (H, h) be a submersion between two Riemannian Lie groups. Then G 0 = ker φ is a normal subgroup of G, G/G 0 is a Lie group and φ : G/G 0 −→ H is an isomorphism. Let π : g −→ g/g 0 the natural projection. If ξ : g −→ h is the differential of φ at e, the restriction of π to ker ξ ⊥ is an isomorphism onto g/g 0 and we denote by r : g/g 0 −→ ker ξ ⊥ its inverse. Thus r * , g is an Euclidean product on g/g 0 which defines a left invariant Riemannian metric g 0 on G/G 0 . We denote by ξ the differential of φ at e.
Proposition 4.1. With the notation above, we have
of ker ξ and an orthonormal basis (e i ) q i=1 of ker ξ ⊥ . If A and B denote the Levi-Civita products of g and h respectively, we have
If we put, for any u, v ∈ ker ξ,
where A 0 is the Levi-Civta product of ker ξ, we get
Denote by π : g −→ g/g 0 the natural project. Then (π(e i ))
is an orthonormal basis of g/g 0 and hence
To achieve the proof, we must show that
This is a consequence of more general formula. If A is the Levi-Civita product on g/g 0 , then for any u, v ∈ ker ξ ⊥ , π(A u v) = A π(u) π(v). To establish this relation note first that, for any u, v ∈ ker ξ ⊥ , we have [u, v] 
The following proposition is an immediate consequence of Proposition 4.1.
Proposition 4.2. Let φ : (G, g) −→ (H, h) be a submersion between two Riemannian Lie groups. Then:
(i) If ker ξ is minimal then φ is harmonic (resp. biharmonic) iff φ is harmonic (resp. biharmonic).
(ii) If φ is harmonic then φ is harmonic iff ker ξ is minimal.
Let φ : (G, g) −→ (H, h) be a submersion between two connected Riemannian Lie groups. The connectedness implies that φ is onto and φ : G/G 0 −→ H is an isomorphism. So φ is harmonic (resp. biharmonic) iff Π : τ
For any u ∈ g we denote by ad u the restriction of ad u to ker ξ. We define ρ : h −→ Der(ker ξ) and ω ∈ ∧ 2 h * ⊗ ker ξ by ρ(h) = ad r(h) and
where Der(ker ξ) is the space of derivations of ker ξ. A direct computation using Jacobi identity of
The symbol stands for circular permutations. Let give a characterization of τ(ξ) using the formalism above.
Proposition 4.3. For any h
Proof. We have
is an orthonormal basis of ker ξ, A is the Levi-Civita product of g and A 0 is the Levi-Civita product of ker ξ. So
The following proposition is an interesting consequence of (15). 
Proof. This is a consequence of (12), (15) and the fact that g 0 being semisimple, for any u ∈ g/g 0 , the derivation ρ(u) is inner and hence tr(ρ(u)) = 0.
Let study now the converse of our study above. Let (n, h) be two Lie algebras such that n carries an Euclidean product and h two Euclidean products , 1 and , 2 , ρ : h −→ Der(n) and ω ∈ ∧ 2 h * ⊗ n satisfying (14) . Define on
is an Euclidean Lie algebra and the projection π : g −→ h is an homomorphism of Lie algebras. Let G be the connected and simply connected Lie group associated to g and H any connected Riemannian Lie group associated to h. Then there exists a unique homomorphism of Lie groups φ : G −→ H such that d e φ = π. If we endow G and H by the left invariant Riemannian metrics associated respectively to , g and , 2 , φ become a submersion. Moreover, τ(φ)(e) is given by
where Id h : (h, , 1 ) −→ (h, , 2 ) and H ρ is given by H ρ , u 1 = tr(ρ(u)) for any u ∈ h. So we have shown the following proposition.
Proposition 4.5.
There is a correspondence between the set of submersions with a connected and simply-connected domain and the set of (n, h, ρ, ω) where n is an Euclidean Lie algebra, h is a Lie algebra having two Euclidean products, ρ : h −→ Der(n) and ω ∈ ∧ 2 h * ⊗ n satisfying (14).
Biharmonic Riemannian submersions between Riemannian Lie groups
The following proposition follows easily from the last section's study. 
) and the fact that U ξ = U h when φ is a Riemannian submersion.
(ii) According to (14) and (15), we have for any h 1 , h 2 ∈ h,
and hence φ is harmonic. (iii) From the hypothesis, ker ξ is unimodular and any derivation of ker ξ is interior and hence, for any h ∈ h, tr(ρ(h)) = 0 and (15) gives the result.
The following proposition gives an useful characterization of biharmonic Riemannian submersions between Riemannian Lie groups. 
where ric h is the Ricci operator.
(ii) For any u ∈ h, tr((ad u + ad *
Proof. It is a consequence of the fact that φ is a Riemannian submersion, (6) and Proposition 2.4.
We can now state this interesting result. ℓ is a parallel vector field (ω is given by (13)).
Proof.
(i) Suppose that φ is biharmonic. By taking u = τ(ξ) in (19), we get, since U h = 0, tr((ad τ(ξ) + ad t τ(ξ) ) • ad τ(ξ) ) = 0.
This equivalent to ad τ(ξ) + ad t τ(ξ) = 0 and hence τ(ξ) ℓ is a Killing vector field. The converse follows easily from (19) .
(ii) Suppose that φ is biharmonic. We get from (18)
B e i τ(ξ), B e i τ(ξ) h + ric h (τ(ξ)), τ(ξ) h = 0.
By using the fact that ker ξ = 0 or ω = 0, (14) and (15), one can see easily that τ(ξ) ∈ [h, h] ⊥ . It follows (see [13] Lemma 2.3) that ric h (τ(ξ)), τ(ξ) h = −tr((ad τ(ξ) + ad * τ(ξ) ) 2 ) ≤ 0.
So Bτ(ξ) = 0 which is equivalent to the fact that τ(ξ) ℓ is parallel. The converse follows from the fact that if Bτ(ξ) = 0 then ad τ(ξ) + ad t τ(ξ) = 0.
Let H be a Riemannian Lie group. T H has natural Lie group structure for which the Sasaki metric is left invariant and the projection π : T H −→ H is a Riemannian submersion. We have the following result. Proof. In this case ker ξ = h, ρ is the adjoint representation of h, ω = 0 and from (15) we deduce that τ(ξ) = −U h and the equivalence of (i) and (iii) follows. Since ω = 0, according to Theorem 5.1, π is biharmonic iff ad U h + ad * U h = 0 this implies that tr(ad U h ) = U h , U h h = 0 and the equivalence of (i) and (ii) follows. Proof. One can deduce easily from (15) and (14) that if ker ξ is unimodular or ω = 0 then τ(ξ) ∈ [h, h] ⊥ . Now if the metric on H is flat, it was shown in [1] that for any u ∈ [h, h] ⊥ u ℓ is parallel and Theorem 5.1 permits to conclude.
We end this section by an important remark involving Riemannian submersion between Riemannian Lie groups. Let φ : G −→ H and ψ : H −→ K two homomorphisms between Riemannian Lie groups. Suppose that φ is a Riemannian submersion and denote by ξ and ρ the differential at the neutral element of φ and ψ, respectively. We have τ(ρ • ξ) = τ(ρ) + ρ(τ(ξ)).
This formula implies that if φ is harmonic then ψ is biharmonic (resp. harmonic) iff ψ • φ is biharmonic (resp. harmonic).
